Abstract. In [13] we defined characteristic cohomology classes of the free loop space LHam(M, ω) and have shown that these classes give rise to a graded ring homomorphism
Introduction
In this note we study, for some special symplectic manifolds (M, ω), the ring homomorphism Ψ : H * (LHam(M, ω), Q) → QH * +2n (M ), introduced in [13] . More specifically, we will be interested in its restriction to H * (ΩG, Q), where G acts on M by Hamiltonian symplectomorphisms.
The map Ψ is defined in terms of Parametric Gromov-Witten invariants of certain bundles p : P h → B associated to maps h : B → ΩHam(M, ω), where B is a closed smooth oriented manifold. Gromov Witten invariants and Floer and quantum homology have been used very successfully to study many questions in Hofer geometry and topology of the group Ham(M, ω). The main difficulty is usually their computation. Here, the roles will be reversed. We will use the Hofer geometry in a rather strong way to compute the relevant Parametric Gromov Witten invariants and the map Ψ. This will in turn give us information about the Hofer geometry and topology of Ham(M, ω).
Our methods exploit connections between Kähler geometry of the loop space ΩG, the energy flow on ΩG, the Hofer length functional on G pulled back from Ham(M, ω), and the map Ψ. Our main result is Theorem 3.6 in Section 3, and its main applications are explained in Section 4.
For example, consider the natural Hamiltonian G action on G/T . And let f : ΩG → ΩHam(G/T ) be the induced map. We can summarize part of the paper and Corollaries 4.5, 3.8 with the following application.
Preliminaries
The Hofer metric. We give a brief review of the Hofer geometry on Ham(M, ω) to establish notation. Given a Hamiltonian function H t : M → R, 0 ≤ t ≤ 1, there is an associated time dependent Hamiltonian vector field X t , 0 ≤ t ≤ 1 defined by (2.1) ω(X t , ·) = dH t (·),
The vector field X t generates a path γ t , 0 ≤ t ≤ 1 in Ham(M, ω). A well known result of A. Banyaga shows that any path {γ t } in Ham(M, ω) arises this way. Given such a path {γ t }, the Hofer length, L(γ t ) is defined by L(γ t ) := Given a map f : B → LHam, where B is a closed smooth manifold we call
the max-length measure of (B, f ). Also, we define the virtual index of a one parameter subgroup γ : 
where λ ǫ,l ∈ Q. Set
Quantum characteristic classes. Here, we give a brief overview of the construction of the map Ψ : H * (ΩHam(M, ω), Q) → QH * +2n (M ), see [13] for more details. It will be enough for us to work on the space of contractible loops, which we still denote by ΩHam(M, ω). Let h : B → ΩHam(M, ω) be a smooth cycle, where B is a closed oriented smooth manifold. Let
There is a natural bundle p : P h → B, with fiber modelled by a Hamiltonian fibration π : M × S 2 → S 2 . The bundle P h comes with a natural deformation class of families of symplectic forms {Ω b } on the fibers {X b }. We take a suitably regular family of compatible complex structures {J b } and define:
Here, : H S 2 (X) denotes the section homology classes of X. : The map j * : H 2 (X) → H 2 (P f ) is induced by inclusion of fiber. We show in [13] that the structure group of P h is contained in a connected subgroup of Diff(X) so that this is unambiguous. : The coefficient b A ∈ H * (M ) is defined by duality:
, A) denotes the parametric Gromov Witten invariant of the "number" of A curves passing through the cycle I * ([B]⊗[c]), and where the latter cycle is induced by a natural embedding I 0 : B × M → P h . : c vert ∈ H 2 (P h ) is the first Chern class of the bundle of vectors in T P h tangent to M , in the sense of the other natural fibration M ֒→ P h → B × S 2 . : C is the coupling class of the Hamiltonian fibration M ֒→ P h → B × S 2 . This is the unique class in H 2 (P h , R), such that
where i : M → P h is the inclusion of fiber.
Setup and main theorem
Suppose we have a Hamiltonian action of a compact Lie group G on a Kähler manifold M by Kähler isometries. We thus have a map f : G → Ham(M, ω) and induced map f : ΩG → ΩHam(M, ω). Suppose also the action of G extends to a holomorphic action of G C on M . In this case we have the following lemma.
(Compare the first part with Proposition 8.10.2 [11] . The second part of the lemma is an extension of an idea of Seidel as explained by McDuff, [6] .) Definition 3.1. For a holomorphic curve u in the fiber X ⊂ P h , we define its coupling energy by c-energy ≡ −C(u), where the coupling class C of P h is defined in Section 2. 
An analytic fiber space is a complex manifold P , together with a submersive holomorphic projection map p : P → B, s.t. the the fibers are complex submanifolds of P . We'll define what me mean by pseudo symplectic form in the course of the proof.
Proof. The loops h(b) for b ∈ B are by assumption real analytic, i.e. they extend to holomorphic maps h(b) : U b → G C , where U b is an open neighborhood of the unit circle S 1 ⊂ C. In this case the evaluation map e : B × S 1 → G induced by h extends to a holomorphic map e : B × U → G C , for a certain neighborhood U of S 1 ⊂ C. It is then clear that P h is a complex manifold since we have
Moreover, the projection map p : P h → B is holomorphic and submersive and the fibers are complex submanifolds. The construction of the family {Ω b } mirrors the construction in Section 3.2 of [13] , with a slight twist. As the first step we define a family of forms {Ω
2 ) ∞ . For convenience and to be consistent with [13] we identify
∞ via an orientation reversing reflection (so that it has the opposite orientation) and define: 
, and moreover
We leave it to the reader to check that the gluing relation ∼ pulls back the form Ω θ (x))dη ∧ dθ, is a well defined closed form Ω b on X b , and it has the cohomology class of the coupling class j * (C), where j : X b → P h is the inclusion map. Thus, we may write (3.3) [
where
The form Ω b is compatible with the holomorphic structure J on X b and clearly
∞ is mapped to −j). Such a form will be called a pseudo symplectic form. Let now u : S 2 → X b ⊂ P h be a section class holomorphic map. We have the inequality,
which follows from the pseudo-symplectic condition on Ω b and from the fact that u is a holomorphic map. The cohomology class of the form Ω b is j
since u is holomorphic. Moreover, we clearly have that π
and we obtain a lower bound:
Remark 3.3. The space P h can in fact be given the structure of a Kähler manifold when B γ itself is Kähler. (Although the symplectic form on P h will be very far from the family {Ω b }.) Moreover, the assumption on real analyticity of loops in the image of h can likely be dropped. However the proof of the latter would use some very deep constructions (cf. proof of Proposition 8.10.2 [11] ) and for our applications it doesn't seem terribly useful since the smooth loop space ΩG is homotopy equivalent to the space of real analytic (in an appropriate sense polynomial) loops, (see [11] ). Proof. The maximum allowed c-energy is simply the maximum c-energy of a section class A ∈ j * (H 2 (X γ )) ⊂ H 2 (P h ) for which the corresponding moduli space of holomorphic A curves in P h is non-empty. This energy is simply H max , where H is the normalized generating function of the loop f • γ in Ham(M, ω) and H max denotes its maximum. This follows from the assumption that the pullback of the functional L + to B γ attains its maximum at b max , L + (h(b)) = L + (γ) = H max and from the energy inequality 3.4.
The energy inequality shows that any holomorphic curve in P h in energy H max must lie in the fiber X bmax , which is biholomorphic to
where S 1 is acting on S 3 naturally (diagonal multiplication by e iθ of S 3 ⊂ C 2 ) and by γ on M .
A fixed point x of the action by γ on M gives a holomorphic section σ x of π :
We show below that for x ∈ F max , the c-energy of the corresponding section σ x is H max . Moreover, there are no other (unparameterized) section class holomorphic curves u in X γ having c-energy H max , see for example [9] . In particular, the space M 0 (X γ ; A max ) of unmarked, unparameterized holomorphic curves in X γ in homology class A max is identified with F max , where the class A max is the class of the section σ x for x ∈ F max . Consequently, the space M 0 (P h , j * (A max )) is identified with M 0 (X γ ; A max ) and with F max .
We will later need the following elementary properties of the sections σ x . Proof. Let H as above denote the normalized Hamiltonian generating γ, consider the closed 2-form
where α is the contact form on S 3 normalized so that dα = h * τ where τ is the standard form with area 1 on S 2 . This form is S 1 equivariant and descends to a form Ω on S 3 × S 1 M . This form is simply the form Ω bmax constructed before. Similarly the form ω −d(Hα) descends to a form ω on X γ which has the cohomology class of the coupling class of π : X γ → S 2 (by its uniqueness). Thus, c-energy(σ x ) is ω(σ x ) but the latter is clearly H max .
The fact that the sections σ x are Ω γ -orthogonal to the fibers M also follows immediately from the characterization of Ω γ in eq. (3.6) above and the definition of the sections σ x .
Here is the main theorem of this section. 
Proof. We have to show that the moduli space M vert 0 (P h , j * (A max )) ≃ F max is regular, (cf. Section 2, [13] ). In this case the contribution to Ψ(h) of the class A max is clearly [F max ] ⊗ q cmax t Hmax . Moreover, Lemma 3.4 states that there are no contributions from classes with c-energy bigger than H max so the conclusion would follow.
Let
(cf. Lemma 3.4). The corresponding linearized Cauchy-Riemann operator is
(see Section 3.1 of [8] for definition of D u ) and we need to show that it is surjective. We may identify
and consider the restricted operator D virt (γ), (cf. Section 5 of [13] ). Thus, a necessary condition for surjectivity of D u is that dim B γ = I virt (γ). We show that together with the non-degeneracy assumption on b max this is also sufficient.
Since our complex structure is integrable, the operator D u is simply the restriction of the Dolbeault operator∂ to ξ ∈ Ω 0 (S 2 , u * T P h |dp(ξ) ≡ const , which takes values in Ω 0,1 (S 2 , u * T X γ ) as can be checked explicitely in coordinates. If∂ is not surjective there is a vector field
with dp(ξ) = v = 0 which is killed by∂ and so is holomorphic. We now show that such a vector field cannot exist. To see why this may be the case, suppose for a moment that there is a metric on P h , for which ξ exponentiates to a holomorphic curve u ǫ , lying in the fiber X bǫ of P h , at least for a sufficiently small time ǫ. Then, since c-energy(u ǫ ) = c-energy(u) = H max and since L + (f (h(b ǫ ))) < H max in view of the energy identity (3.4) we get a contradiction. In fact, we did not even need non-degeneracy of b max , only that it is the isolated maximum of L + . The difficulty is that such a metric on P h need not exist.
Remark 3.7. In terms of Kodaira-Spencer deformation theory, this is basically saying that the deformation of the map u in the direction of the infinitesimal deformation given by the holomorphic vector field ξ can be (very often) obstructed, [4].

These obstructions lie in H
0,1 (N u X γ ) = 0, where N u X γ is the holomorphic normal bundle of u inside X γ , and they depend on the holomorphic vector field ξ and the holomorphic structure of P h . Thus, there is no way to prove they vanish until one is actually given the holomorphic vector field, which we contend does not exist! One may hope however, that for a suitable metric, exponentiating ξ we can get something "approximately" holomorphic, in such a way that we can still get a contradiction. Indeed our approach is related to this idea, but is somewhat more geometric.
Let u : S 2 → X γ ⊂ P h be a holomorphic curve in class A max , which corresponds to a section σ x (cf. proof of Lemma 3.4) for x ∈ F max . In the decomposition of P h given in eq. (3.2) , σ x corresponds to the map u :
where z ∈ C\D 2 ⊂ C. The image of u which will denote by Σ 0 is covered by two natural holomorphic charts of P h :
Where, V x is a holomorphic chart on M containing x and O is a holomorphic chart on B γ containing b max , (U ⊂ C is a small neighborhood of the unit circle in C) and so that Σ 0 is defined in these coordinates by equations: 
(which is essentially the restriction of the gluing map in eq. (3.2)), preserves the subspace C k × C n × 0. Thus, the holomorphic normal bundle N Σ0 P h of Σ 0 inside P h , in our case naturally embeds into T Σ0 P h . This gives a holomorphic splitting: T Σ0 P h ≃ T Σ⊕N Σ0 P h . We will denote by ξ the projection of ξ onto the holomorphic subbundle N Σ0 P h .
On each region (3.10)
for i = 1, 2 where ∇ 1 = D 2 and ∇ 2 = C\D 2 we have have a flat Hermitian metric
where g s is the standard metric on C m = C k × C n × C and φ * i (g s ) denotes its pullback. Let us also denote by ∇ i the faces: φ
The exponential map with respect to g i , for a sufficiently small time ǫ i takes ξ| ∇i to a holomorphic surface contained in T i , (recall that in these coordinates ξ is tangent to C k × C n × 0.) Let ǫ = min i ǫ i , 0 ≤ t ≤ ǫ and set
where exp gi,t ( ξ| ∇i ) is the the time t exponential map of ξ| ∇i with respect to g i . We denote by X z the fiber of P h over b in the neighborhood O of b max , if ψ(b) = z ∈ C k . Then Σ t is a union of two "holomorphic plates" in the fiber X tv , by definition of g i and the assumptions on the charts φ i . We denote byΣ t the piecewise smooth curve in X tv obtained by adjoining to Σ t the regions tangent to the fibers M of the fibration X γ . To be more precise: the boundaries of Σ i t are smooth parametrized curves c i :
Taking the straight line path in T 1 , with respect to its flat metric g 1 , between c 1 (θ) and c 2 (θ) for each θ, we get the desired region. (We could have also used straight paths in T 2 to get a slightly differentΣ t .)
We are interested in the behaviour of the function Ω tv (Σ). More specifically, if we could show that its second derivative is not too negative we could draw a contradiction, much as outlined before.
In all of the following discussion, all of the time derivatives are at t = 0. Fix an auxiliary metric g on P h . Set R t =Σ t − Σ t . Since, the vector field ξ is smooth
1 by two different isotopies corresponding to g 1 , g 2 but these isotopies have the same time derivative at t = 0.) On the other hand
depends on how fast the holomorphic plates Σ i t are spreading. We can write
where dA t is the area form on R t induced by the auxiliary metric g, and f t is a function on Σ t . (Note, that f t does not need to vanish identically even though the regions R t are contained in M × S 1 on which Ω tv can be identified with ω. The reader may think of a plane in R 3 with a submersive projection onto both the xy plane and the z-axis.) Let F (t) = inf Rt f t .
The function f 0 can be thought of as a limit. As t goes to 0, R t gets closer and closer to being tangent to the normal space to Σ 0 at the equator. This normal space is Ω γ orthogonal to Σ 0 , (see eq. (3.12)), hence f 0 = 0.
We have
since both functions Ω tv (R t ) and F (t) area(R t ) are 0 when t = 0. In fact,
This is because both F (0) and area(R 0 ) vanish, so eq. (3.13) implies that (3.15) and since γ 0 = γ is a critical point of L + . The above argument also implies the following fact:
and so if the second derivative was negative the function Ω tv (Σ t ) would be negative for a sufficiently small t, contradicting holomorphicity of the region Σ t . Also eq. (3.14) implies the following: 
this is a contradiction. Thus, the holomorphic vector field ξ does not exist and so we are done.
As an immediate corollary of the above theorem we have. Of course the above index can apriori be infinite. 
symplectic structure is then induced from a natural 2 form on g * called the Kirillov form, (see [1] , or [7] ).
Let where η ∈ g, ||η|| + = max H η and H η is the generating function of the infinitesimal action of η on O ξ .
In this discussion the symplectic manifold O ξ depends on ξ. If we make an additional assumption that the subgroup of G fixing < ξ, · > under the coadjoint action is T then we can identify O ξ ≃ (G/T, ω ξ ), moreover this condition is generic in g * from which it follows that the symplectic forms ω ξ are deformation equivalent, so we may regard O ξ as simply G/T for our purposes of quantum homology. 
Proof. Note first that when G is semisimple the functions H η are normalized for all η. For the map
defines an element of g * , which is clearly invariant under the coadjoint action of G and so must be 0 (since g has no center). 
, where L is the Riemmanian length functional on ΩG. Since L + (γ) = L(γ), the first part of the theorem will follow if the restriction of L to B γ is Morse at γ. To see this note first that the restriction of the energy functional E to B γ is Morse at γ since E is a Morse-Bott function on ΩG. Let γ t be a smooth variation of γ = γ 0 in B γ . Applying Cauchy-Schwarz inequality,
with f (θ) = 1 and g(θ) = || d dθ | θ γ t (θ)||, we get L(γ t ) 2 ≤ E(γ t ), since γ is parametrized from 0 to 1. Both sides are the same for t = 0, (since γ is a geodesic and so parametrized by arclength) and the derivatives of both sides are 1 I would to thank Yael Karshon for suggesting this argument.
0 at t = 0 since γ is critical for both L and E. It follows that
dt 2 | 0 E < 0, and so d 2 dt 2 | 0 L(γ t ) < 0. We now prove the second part of the theorem. Let γ be generic and ξ the corresponding element in g. In order to compute I vert (f • γ) we need to understand the weights of the coadjoint action of γ on the tangent space T p O ξ , where p is the maximal fixed point p =< ξ ||ξ|| , · >. Since the maps Ad * g are linear, this action can be identified with the action of γ on a subspace of T 0 g * ≡ g * . Moreover, under the identification of g * with g using the Ad-invariant inner product <, > on g the coadjoint action by Ad * g on g * corresponds to the adjoint action by Ad g −1 on g and so the coadjoint action of γ on g * corresponds to the adjoint action of γ −1 on g. More specifically, we want the adjoint action on a certain subspace of T p ⊂ g which corresponds under all these identifications to T p O ξ . In fact this subspace can be determined synthetically as follows. We can write,
where, t is the maximal Abelian subalgebra of g containing ξ and g α is a subspace of g on which γ −1 is acting by e α2πiθ . (So that t corresponds to α = 0.) Now, T p is invariant under the adjoint action of γ −1 and all the weights α are necessarily non zero on T p and are negative. The latter is due to the fact that the function H ξ on O ξ is Morse at its maximum p, which together with our convention X H = −J grad H implies that the weights are negative. The subspace T p must then simply be
The virtual index is then by definition α 2|α| − 2.
Using the index theorem in Riemannian geometry one can show that this is the Riemannian index of the geodesic γ of G, see for example proof of Bott periodicity, Section 23, [10] . 
